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Abstract 
The high precision requirements of complex mechanical product (CMP) results in that its processing often contains multiple stages. When part 
was processed and transmitted in multiple stages, dimensional variation of part will be accumulated, coupling and transformed as well. Since 
the high precision requirements of the CMP, there are more process parameters impacted the machining errors than general multistage process, 
and more diverse process parameters should be considered in CMP’s processing. To describe machining variation propagation process 
accurately and effectively, the variation propagation model for CMP processing was proposed. Firstly, the parts and fixtures in CMP processing 
are described by differential motion vector based on the robot’s kinematics principle, and the change of theirs space pose are obtained by 
homogeneous transformation. Then, the fixture-induced variation, datum-induced variation, machining-induced variation and cutting-tool wear 
induced variation are analyzed and derived. The machining-induced variation is the dimension deviation produced by cutting force impacting 
on part’s machining surfaces, and the cutting-tool wear induced variation is mainly caused by tool’s normal wear. Lastly, the coupling 
relationship of datum-induced variation, fixture-induced variation, machining-induced variation and cutting-tool wear induced variation of each 
process stage is described, and the state space model of variation propagation is developed. The relationship of dimensional variation from all 
work stages and all kinds of variations is explored. By a real case study, feasibility and effectiveness of the model is validated. The model has 
great potential to be applied in the fault diagnosis, root cause identification of variation, sensor placement optimization, variation simulation, 
machining parameter and fixture design and optimization in quality control and improvement of complex product. 
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the organizing committee of 13th CIRP conference on Computer Aided Tolerancing. 
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1. Introduction 
Complex mechanical product (CMP) is a typical kind of 
products with a large number of parts, complicated process, 
and high machining precision. Most parts of CMP require 
very high machining precision and very tight tolerance range. 
However, the process capability of manufacturing equipments 
often can’t satisfy these requires very well because of the 
technical and economic reasons. To solve the problem, 
mechanical manufacturing enterprises often take multi-stage 
closed loop manufacturing process, in which the variation 
measurement, variation resource identification and processing 
parameters adjustment are widely adopted. During the multi-
stage manufacturing processes (MMPs), the output of one 
manufacturing process is the input of another manufacturing 
process, and each manufacturing process often takes feed-
forward or feed-back loop machining strategy. Thereby, the 
process’s variations in MMPs are coupled and impacted each 
other, and the part’s final quality is influenced not only by 
current process’s variations, but by the variations passing 
down from previous several processes. To identify the CMP’s 
variation resources accurately and then improve the reliability 
and stability of the processing quality effectively, the 
machining parameters impacting on product’s process quality 
and variation propagation mechanism should be analyzed. In 
the process, the variation propagation model of CMP’s multi-
stage manufacturing process should be built firstly. 
In recent decades, variation propagation modelling has 
received intensive research. Shi and Zhou [1] provided a brief 
survey of emerging methodologies for tackling various issues 
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in quality control and improvement for multistage systems 
including variation modelling, analysis, and so on. Liu [2] 
presented a review on the stream of variation (SoV) and 
statistical process control (SPC) methodologies by comparing 
these two categories of methodologies in terms of their 
variation propagation modelling, process monitoring and 
diagnostic capability. Shi [3] proposed the mathematical 
model of MMPs based on optimal control theory, multivariate 
statistical methods and mathematical knowledge. 
Mantripragada and Whitney [4] presented algorithms to 
propagate and control variation in mechanical assemblies 
using the state transition model approach. The mechanical 
assembly process was modelled as a multistage linear 
dynamic discrete system. The modelling environment was 
exploited and concepts from control theory to model variation 
propagation and control during assembly were used. Huang [5] 
proposed a modelling method of multi-step process variation 
propagation. The state space model was built to describe the 
variation propagation of multistage processing. Zhong [6] 
described part as a point set and proposes a variation 
propagation model of multistage processing, in which the 
fixture-induced variation and machining variations were taken 
into account. Jurdjanovic [7] took a standard vector and 
position vector to describe the part. A linear variation 
propagation model was proposed. Zhou [8] used a group of 
vector to describe the part and then build state space model of 
multistage process. Abellan et al. [9, 10] extended the 
derivation of the SoV to model the effect of fixture- and 
datum- induced variations when fixtures with locating 
surfaces are applied. Miao [11] presented a dimension 
deviation propagation model for a single part. Then a 
multivariate exponentially weighted moving average chart for 
error sources was used to control part dimension deviation in 
batch manufacturing based on the model. Qin [12] et al 
proposed a variation propagation analysis and variation source 
identification model based on manufacturing cost to 
quantitatively analyze variation propagation in multistage 
machining processes. Jin and Liu [13] proposed a piecewise 
linear regression trees based data-driven modelling method to 
interrelate the variables for a serial-parallel multistage 
manufacturing process with multimode variation. Liu and 
Jiang [14] established a linear variation propagation model 
using a rigid-body kinematics method to describe the mapping 
relationship between machining variations of quality 
attributes and machining process elements. 
In spite of tremendous efforts in variation propagation 
modelling for complex mechanical product’s multistage 
machining processes. However, only the fixture-induced 
variation, datum-induced variation and machining-induced 
variation (such as cutting force-induced variations, and so on) 
have been explicitly analyzed and modelled in these reported 
research works, the cutting-tool wear induced variation hasn’t 
been addressed yet. Since the CMP requires high machining 
precision, the cutting-tool wear induced variation, which often 
is ignored in general mechanical products, should also be 
considered in complex mechanical product’s multistage 
machining processes. In this paper, an extended variation 
propagation model for CMP processing is proposed, in which 
the fixture-induced variation, datum-induced variation, 
machining-induced variation and cutting-tool wear induced 
variation are considered simultaneously. The model great 
potential to be applied in the fault diagnosis, root cause 
identification of variation, sensor placement optimization, 
variation simulation, machining parameter and fixture design 
and optimization in quality control and improvement of 
complex product. 
The rest of the paper is organised as follows. Section 2 
presents the analysis of variation sources in CMP’s multistage 
machining process. Section 3 gives a feature description of 
part and fixture. Section 4 presents the variation propagation 
modelling. Section 5 shows a case study to validate the 
proposed variation propagation model. Finally, conclusions 
are outlined in Section 6. 
2. Variation sources analyzing 
Since the process is complicated and variation sources are 
various in CMP machining, it is unrealistic to take into 
account all variation sources in variation propagation 
modelling. If that, the variation propagation model will be 
very large-scale and hardly be solved. Therefore, the scope of 
the variation propagation model in this paper mainly 
concentrates on the variation sources that affect the quality of 
complex mechanical products obviously. 
In the CMP processing, part’s installation and processing 
are the essential works to complete a process’s machining. 
Part’s installation process includes two steps, i.e., locating part 
on fixture and clamping fixture on machine. In the first step, 
datum-induced variation, which is caused by the part’s 
variation coming from previous process, will accumulate and 
impact on part’s variations of current process. In the second 
step, the fixture-induced variation will be produced and 
accumulated. After that, part will be machined and machining-
induced variation will be brought in. In machining process, 
cutting tool will be worn and cutting tool induced variation 
will be produced to impact part’s machining quality. So, in the 
CMP processing, four types of part variation sources should 
be considered, i.e., datum-induced variation, fixture-induced 
variation, machining-induced variation and cutting tool 
induced variation. 
3. Descriptions of part and fixture 
3.1. Feature descriptions of part and its variation 
Feature is the basic unit of part. The part’s shape space can 
be decomposed into a combination of various features. So, 
part can be described by integrating all of its features. In this 
paper, the differential motion vector based on the kinematics 
principle of robot is taken to describe the part’s features [8]. 
Let R R R RO X Y Z  (as shown in Fig. 1) refers to the reference 
coordinate system ( RCS ), and the surface 1 and the hole 2 are 
described by its own local coordinate system ( sLCS ). Then, 
differential motion vector of the surface 1 can be described by 
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1 1 1, ,
TT Tt dZª º¬ ¼ , where 1Tt  is the position vector of the sLCS ’s 
origin, 1TZ  is the Euler rotation angle vector between the 
coordinate system 1LCS  and RCS , and 1d  is dimension 
vector of the surface 1. The dimension vector 1d  not only 
includes the size of surface 1, but also its flatness, parallelism 
and so on. In Fig. 1, the 1TZ  can be expressed as > @0,0,0 T , the 
hole 2 can be described as 2 2 2, ,
TT T Tt dZª º¬ ¼ , and the  2TZ  can be 
shown as 0, , 2
TSSª º¬ ¼ . 
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Fig. 1. Description of the part’s features 
Then, the part X  and variation of the part X'  can be 
expressed as: 
1( ,..., ,..., )
T T T T
i nX X X X , (1) 
1( ,..., ,..., )
T T T T
i nX X X X'  ' ' '  (2) 
where 
(6 )
, ,
TT T T
i i i i m
X t dZ ª º ¬ ¼ , (6 ), ,
TT T T
i i i i m
X t dZ ª º'  ' ' '¬ ¼ . 
3.2. Descriptions of fixture and its variation 
Given fixture system L  has N  locating features in current 
machining process of complex mechanical products, and the 
locating features are defined as , 1,...,iL i N . Then, in the 
reference coordinate system RCS , the locating features can be 
expressed as: 
( , , ), 1,2......
i i ii L L LL x y z i N   (3) 
The fixture system L  and fixture variation l  can be 
described as: 
1( ,... ,... ) , 1,2,......
T T T T
i nL L L L i N   (4) 
1( ,... ,... )
T T T T
i nl L L L L '  ' ' ' . (5) 
4. The variation propagation modelling 
4.1. System assumptions 
Before building variation propagation model of CMP 
machining process, several system assumptions are made as 
follows. 
1) The datum-induced variation refers to geometric and 
dimensional variation of datum Features. It will cause the 
part’s deviation in fixture system. 
2) The fixture-induced variation is the locating variation 
caused by fixture system, such as fixture’s setup variation, 
locating pin’s wear-out variation and clamping element’s 
manufacturing variation. 
3) The machining-induced variation, which includes a lot 
of variation sources, is the most complicated factor that 
caused variation propagation. However, since the computer 
numerical control (CNC) machine are widely used in current 
complex mechanical product processing and most variations 
can be identified and compensated by it, only the cutting 
force-induced variation is considered in this research.  
4) The cutting-tool wear induced variation presents the 
variation lead by cutting-tool’s normal wear. It’s also an un-
negligible factor impacted on part’s dimensional precision  in 
CMP machining. 
4.2. Coordinate system definition 
Since any two points’ spatial coordinate transformation can 
be presented by homogeneous transformation matrix, so it is 
taken to describe the spatial geometry relationship of part’s 
features and variations propagation.  
To describe all feature variations during part machining, 
five coordinate  systems are  established,  as shown in Fig. 2.  
Mz
Mx
MyWorkpiece
Fixture
Machine workbench
Fy
Py
Fx
Px
Fz
Pz
 
Fig. 2. Definition of coordination system 
The machine coordinate system ( , , )M M M MO x y z  and the 
fixture coordinate system ' ' ' '( , , )F F F FO x y z , which moves 
together with fixture, are the ideal coordinate system of 
machine and fixture in design stage. The fixture coordinate 
system ( , , )F F F FO x y z  is the coordinate system used in actual 
fixture locating stage. The part coordinate system
' ' ' '( , , )P P P PO x y z , which moves together with part, is the ideal 
coordinate system in part design stage. The actual part 
coordinate system ( , , )P P P PO x y z  is the coordinate system used 
in actual part locating stage. Based on homogeneous 
transformation matrix, the coordinate systems MO , FO  and PO  
can be transformed each other. In these coordinate systems, 
( )FP nomR k  and ( )FP nomT k  are defined as rotating and moving 
matrixes between PO  and FO , respectively. ( )MF nomR k  and
( )MF nomT k  are defined as rotating and moving matrixes 
between FO  and MO , respectively. 
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4.3. Datum-induced variation analyzing 
Denote ( )D k  is the datum selecting matrix of locating 
datum in the thk machining process, and expression of ( )D k  
is described as: 
1 (6 ) (6 ) (6 ) (6 )( ) (( ) ,...,( ) )m m n m mD k diag Q Q u   u   (6) 
When part’s feature iX  is selected as locating datum, then 
the corresponding datum selecting vector iQ  can be expressed 
as  
(6 ) (6 )(1,1,1,0,0,0)i m mQ diag  u  . (7) 
Given the locating datum in the thk machining process is 
denoted as ( )aD k  according part’s design requirements. Then, 
the locating datum ( )aD k  can be expressed as
( ) ( ) ( 1)aD k D k X k  , and datum-induced variation ( )aD k'  can 
be described as ( ) ( ) ( 1)aD k D k X k'  '  . It will produce 
rotating/moving variations ( )FP R k' / ( )FPT k' to the 
rotating/moving matrix FP R / FPT  in coordinate system 
transforming. ( )FP R k'  and ( )FPT k'  can be expressed as the 
partial derivative of FP R  to ( )TaD k' , and FPT to ( )TaD k' , 
respectively. That is,  
(6 ) (6 )
( ( ))
( ) ( )
( )
i j
F
P ijF
P a
a m m m m
R k
R k D k
D k  u 
ª ºw'  '« »w« »¬ ¼
 (8) 
(6 ) (6 )
( ( ))
( ) ( )
( )
i j
F
P ijF
P a
a m m m m
T k
T k D k
D k  u 
ª ºw'  '« »w« »¬ ¼
 (9) 
Then, the actual rotating and moving matrix ( )FP R k  and 
( )FPT k  from part coordinate system to fixture coordinate 
system can be inferred as: 
( ) ( ) ( )F F FP P nom PR k R k R k '  (10) 
( ) ( ) ( )F F FP P nom PT k T k T k '  (11) 
4.4. Fixture-induced variation analyzing 
In the thk machining process, N  locating features in 
machine coordinate system can be expressed as 
1 1 1
( ) ( ), ( ), ( ),..., ( ), ( ), ( )
n n n
TT M M M M M M
L L L L L LL k x k y k z k x k y k z kª º ¬ ¼  (12) 
As the fixture locating will affect the transformation from 
the fixture coordinate system to the machine coordinate 
system, fixture-induced variation ( )L k' will produces 
rotating/moving variations ( )MF R k' / ( )MFT k'  on rotating/ 
moving matrix MF R / MFT . The ( )MF R k'  and ( )MFT k'  can be 
expressed as the partial derivative of MF R  to ( )TL k  and the 
M
FT to ( )TL k , respectively. That is, 
(6 ) (6 )
( ( ))
( ) ( )
( )
i j
M
F ijM
F a
a m m m m
R k
R k L k
L k  u 
ª ºw'  '« »w« »¬ ¼
 (13) 
(6 ) 1
( ( ))
( ) ( )
( )
i
M
F ijM
F a
a m m
T k
T k L k
L k  u
ª ºw'  '« »w« »¬ ¼
 (14) 
Then, the actual rotating and moving matrix ( )MF R k  and 
( )MFT k  from fixture coordinate system to machine coordinate 
system can be expressed as: 
( ) ( )M M MF F nom FR k R k R '  (15) 
( ) ( )M M MF F nom FT k T k T '  (16) 
4.5. Machining-induced variation analyzing 
In the thk machining process of CMP, part ( 1)X k   will be 
setup to machine ( )MO k  firstly. Then it will be machined to 
form a new part ( )MX k . So, in the thk  machining process, the 
new part ( )MX k  can be expressed as the feature collections of 
machined features '( ) ( )MB k X k  and un-machined features > @( ) ( 1)MI B k X k  . That is, the ( )MX k  can be expressed as: 
> @ '( ) ( ) ( 1) ( ) ( )M M MX k I B k X k B k X k     (17) 
' '( ) ( ) ( ) ( )M MB k X k B k x k'   (18) 
where ( )B k  is the processing selection matrix. The 
machining-induced variation '( ) ( )MB k X k'  refers to the 
machining surface deviation caused by the cutting-tool force, 
which is considered as static linear deformation of part 
surface.  
4.6. The cutting-tool wear induced variation analyzing 
Cutting-tool wear is another important factor affecting part 
dimensional quality. The wear of cutting-tool will lead to a 
loss of effective radial and axial depth of cut that generates 
dimensional variations. Cutting-tool wear measurement often 
be described by the flank wear ( BV ) in industry. Since part’s 
dimensional deviations are proportional to the flank wear BV  
according to reference [15], it can be assumed that cutting-
tool wear induced variation in the thk machining process is 
described by the proportion BVO , where O  is a coefficient that 
relates the influence of tool wear flank. In CMP processing, a 
single cutting-tool is used to machine a batch of part, it can be 
also assumed that cutting-tool flank wear value remains 
constant during the same cutting operation of each part. Thus, 
the cutting-tool wear induced variation in the thk machining 
process can be modelled as: 
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1( ) ( ( ) ,..., ( ) ,..., ( ) )
T T T T
i nH k H k H k H k'  ' ' '  (19) 
where ( )iH k'  is cutting-tool wear induced variation on the 
thi  part feature.  
4.7. The variation propagation model analyzing 
Based on analyzing of variations referred in the previous 
sub-sections, the variation propagation process can be inferred 
with classical control theory, in which the coupling 
relationships of datum-induced variation, fixture-induced 
variation, machining-induced variation and cutting-tool wear 
induced variation of each process stage are described, as 
shown in Fig. 3. According to description of Fig. 3, the state 
space equations of variation propagation process is derived 
and expressed as follow: 
'( ) ( ) ( 1) ( ) ( ) ( )P P PX k A k X k B k X k kZ'  '   '   (20) 
Locating part in the kth
machining process
Calculating datum-induced
variation
Calculating fixture-
induced variation
Calculating machining-
induced variation
Calculating The dimensional
variation produced in current
machining process
Calculating synthesized
variations in current
machining process
Combining feature machined
by current process with
previous process's features
Calculating cutting-tool
wear induced variation
F
P H
( 1)X k 
M
F H
'( ) ( )MB k X k
( )X k
 
Fig. 3. The variations propagation process 
Equ. (20) is the variation propagation model for CMP 
processing. In the model, ( )A k represents the state transition 
matrix from stage 1k   to stage kˈ ( ) ( 1)PA k X k'   represents 
the processing variation transforming of product’s 
dimensional quality from stage 1k   to stage k , '( ) ( )PB k X k'   
represents product’s dimensional quality variation affected by 
the thk machining process, and ( )kZ is the system noise in the 
thk machining process. ( )A k and ( )B k  are determined by the 
product design parameters and process parameters. 
5. Case study 
To validate the feasibility and effectiveness of the 
proposed variation propagation model, the machining process 
data of cover plate part in a certain type of truck engine (No: 
TF3O-7541) is taken in the case study. The cover plate has 
three processes. The main part features should be guaranteed 
is two parallel plates, locating large hole, locating small hole, 
and locating groove on the cover plate. All feature’s design 
requirements and dimensional specifications are shown in Fig. 
4. The cover plate’s dimensional quality specifications and 
machining processes are list in Table 1. The procedures of 
variation propagation modelling are described as follows. 
 
Fig. 4. Dimension of the cover plate (unit/mm) 
1) Machining process analyzing 
In Fig. 4, it’s shown that there are six dimension features, 
including the distance of surface S and A, distance of surface 
T and A, radius of hole B and C, the parallelism between 
surface A and S, and parallelism between surface A and T.  
2) Definition of coordinate system and part model 
To simplify calculation, the machine tool coordinate 
system and fixture coordinate system are overlapped,, and the 
plane P P PX O Y  of part coordinate system coincides with the 
surface D  of the cover plate. Based on the definition and Equ. 
1, part’s feature vector model is presented by vector ( , , )t dZo o o , 
as shown in Table 2. 
3) Indentifying the system noise and building the variation 
propagation model 
Table 1. Part machining process 
Process Locating datum Process description Main Features Design dimension/mm 
1# A+D+E Milling surface S 
The distance between surface S and A ( SAL ) 50±0.1 
The parallelism of between surface A and S(//SA) 0.05 
2# S+D+E Drilling B and C 
The radius of hole B ( BR ) R10±0.1 
The radius of hole C( cR ) R8±0.1 
   The distance between surface A and T groove B( TAL ) 5±0.1 
3# S+B+C Milling groove circular T 
The radius of groove B( TR ) R12 
The parallelism of the surface A and bottom surface 
B(//TA) 0.05 
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Table 2. The feature model of part dimension 
Order Feature name 
i
T
tO  
T
iZ  /id mm  
1# Surface A (150.5,50.02,0) [0, ,0]2
S  0 
2# Surface B (0,0,0) [0,0,0] 0 
3# Surface C (0.25,0.2,0) [0,0, ]2
S  0 
4# Hole B (250.05,25,0) [0, ,0]2
S  10.01 
5# Hole C (25,25,0) [0, ,0]2
S  8 
6# Groove T (150,45,0) [0, ,0]2
S  12 
7# Surface S (150,0,0) [0, ,0]2
S  0 
In the case, the noises of fixture and tool are identified as 
normal distribution, whose mean value is zero and standard 
deviations correspond to each repeatable degrees. The noises 
of fixture, datum and cutting-tool are identified by multi-
measurement of fixture and cutting-tool, and past 
experimental data. The coordinate transforming matrix 
( )MP nomR k , ( )MP nomT k , ( )MF nomR k  and ( )MF nomT k , are identified by 
analyzing of design relationship of among the machine tool 
coordinate system, fixture coordinate system and part 
coordinate system. Then, the variation propagation model is 
built. 
4) Comparing and analyzing 
In this case, a three coordinates measuring instrument (No: 
FALCIO-A-pex776), whose resolution is 0.01 micron, is 
taken to measure the part’s dimension. A group of actual 
measuring values of cover plate are get to compare with 
prediction values of variation propagation model. The result is 
shown in the Table 3. The results illustrates that the difference 
between the model’s prediction values and actual measured 
values is very small in the normal processing conditions. It 
means that the proposed variation propagation model for 
CMP processing is feasible and effective. 
Table 3. Comparison between the model’s prediction values and actual 
measured values 
Part feature SAL  //SA BR  CR  TAL  TR  
Actual 
measured 
value  
50.095 0.044 10.082 8.034 5.002 12.074 
Model 
prediction 
value 
50.052 0.036 10.037 8.001 5.012 12.047 
6. Conclusion 
In this paper, the differential motion vector in robot 
kinematics theory is used to describe the processing of the 
part and fixture. The homogeneous coordinate transformation 
is taken to present the space location transformation relations 
of part, fixture, and machine workbench in CMP machining 
process. Then, the fixture-induced variation, datum-induced 
variation, machining-induced variation and cutting-tool wear 
induced variation are analyzed, and the variation propagation 
model for CMP machining process is built. With data of an 
actual part, the proposed variation propagation model is 
analyzed. The results show that the proposed model is feasible 
and effective. The model has great application prospect in 
processing quality control of complex product and improved 
fault diagnosis, the variation source identification, sensor 
placement optimization, simulation, optimization design for 
process parameters fixture structure. 
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